In this work we study the applicability of the local GGE to integrable one dimensional systems with bound states. We find that the GGE, when defined using only local conserved quantities, fails to describe the long time dynamics for most initial states including eigenstates. We present our calculations studying the attractive Lieb-Liniger gas and the XXZ magnet, though similar results may be obtained for other models.
I. INTRODUCTION
Recent years have witnessed spectacular advances in the theory of unitary nonequilibrium dynamics, particularly in systems of optically trapped atomic gases. Key to this advance is the extremely weak coupling to the environment which allows for essentially Hamiltonian dynamics. These experimental advances have spurred many theoretical questions: does a steady state emerge, how do local observables equilibrate, is there any principle which allows us to relate the steady state to the initial conditions?
One of the most surprising recent experimental [1] , and theoretical [2] results is that there is a relation between the initial state and the long time steady state for integrable models. It was shown that after a quench integrable models retain memory of their initial state and do not appear to relax to thermodynamic equilibrium. This was ascribed to the fact that integrable models possess an infinite family of local conserved charges in involution, {I i }, which include the Hamiltonian H, typically identified with I 2 : 
These conserved quantities in turn imply that there is a complete system of eigenstates for the Hamiltonian which may be parametrized by sets of rapidities {k} and which simultaneously diagonalize all charges. To understand the equilibration of this system it was recently proposed that it is insufficient to consider only thermal ensembles but it is also necessary to include these nontrivial conserved quantities. It was proposed [3] that the system relaxes to a state given by the generalized Gibbs ensemble GGE with its density matrix being given by
where the I i are the local conserved quantities; the α i are the generalized inverse temperatures and Z is a normalization constant insuring T r [ρ GGE ] = 1. The α i are chosen in such a way as to insure that the conserved quantities I i remain constant, namely,
Moreover it was proposed that expectation values of local operators and of correlation functions of an integrable model may be computed at long times by taking their expectation value with respect to the GGE density matrix, e.g.
. Recent numeric and theoretical works have, however, put this assumption into question [4] .
Here we would like to show that the GGE hypothesis, based on local conserved quantities, fails in general for the class of integrable models possessing bound states, or string eigenstates. Bound states in integrable models are described, in the thermodynamic limit, by rapidities forming n-strings, [5] :
. . n, with n an arbitrary integer and µ a coupling constant in the Hamiltonian. We will show that for such models the GGE hypothesis fails to reproduce the long time dynamics for most states and in particular for eigenstates of the Hamiltonian. We will focus in detail on the attractive Lieb-Liniger model, and repeat our arguments more briefly for the XXZ model. Our results are also applicable to other models with bound states.
The Lieb Liniger hamiltonian is given by:
Here b † (x) is the bosonic creation operator at the point x and c is the coupling constant. The eigenstates of the Hamiltonian are parametrized by rapidities |{k} . In the basis of the Bethe rapidities, |{k} , the local conserved quantities I i are diagonalized and take the form,
It was pointed out recently [6] that when not acting on eigenstates (or on a finite linear combination of them) the charges may generate divergences in the form of powers and derivatives of Dirac-deltas. Great care must then be taken to define their action. Here we assume an appropriate renormalization scheme has been implemented [7] .
We consider the attractive Hamiltonian with the coupling constant taken to be negative c < 0. In this case bound states are formed and the rapidities fall into nstring configurations k j = k 0 + ic 2 (n − 2j), with strings of arbitrary length length n = 1, 2, 3 · · · The contribution an n-string centered at k 0 to the conserved charge I i is given by:
We will show here explicitly for the Lieb-Liniger and the XXZ models (the proof can be extended to other models with bound states such as the Hubbard model or the Anderson model) that when the system is quenched from a non-equilibrium initial state |Φ 0 and allowed to evolve for a long time, the GGE hypothesis fails and for most initial states |Φ 0 , including eigenstates, does not provide a correct description of the equilibrated system. The rest of the paper is organized as follows. In Section II we present the outline of the proof of this result; in subsection II A we present some properties of the conserved quantities of the states used in Section II; in subsection II B we present some results concerning the GGE used in Section II, in Section III we briefly discuss the XXZ model and in Section IV we conclude.
II. OUTLINE OF PROOF
For the attractive Lieb-Liniger gas we may introduce densities of string excitations; for a given eigenstate |{k} we denote by ρ n p (k) the Bethe density of n-strings, so that Lρ 
With this notation our proof of the failure of the GGE, based on local conserved quantities, will be based on two main results which we prove below: (1) For the attractive Lieb Liniger model for a given set of conserved quantities I are insufficient to determine the densities and hence the GGE. The full time evolution is required. In more detail, point (1) indicates that there are many states with different particle densities ρ n p that give the same GGE. i however determine a unique GGE density matrix which corresponds to a specific pure state. B) Repulsive Lieb-Liniger model. For each set of conserved quantities there is only one quasiparticle density which corresponds to one GGE density matrix which is then equivalent to the original quasiparticle density.
However states with different densities have different local correlations [8] so cannot correspond to the same density matrix. This is sufficient to show the failure of the GGE for most eigenstates, see Fig. (1) . The point (2) identifies which eigenstates correspond to the GGE. For these eigenstates and these eigenstates only the GGE is a good description of the state.
If furthermore we assume the o-TBA hypothesis [4, 9] then most states correspond to eigenstates and we get that the GGE fails for most states. We note that we do not need an o-TBA assumption to show that GGE based on local conserved quantities fails.
In Section II A we prove property (1) and in Section II B we prove property (2).
A. Properties of the states
We would like to show that for a given set of conserved quantities I 
We note that it is a linear equation in the quantities J n l . In particular it can be written as
It is easy to see that if there is at least one solution there are infinitely many solutions. Indeed, this a a vastly underdetermined set of linear equations. There are infinitely more variables then constraints. Any element in the kernel of the transformation in Eq. (6), which is infinite dimensional, may be added to any solution to obtain another solution. To be completely explicit assume ρ n0 p is a solution which corresponds to a set of moments of the form J (6) to be satisfied all we need is to choose a change in the last moment δJ
We note that M i l is lower triangular with all the diagonal entries equal to n + 1 hence invertible. Since J m=0 l is not zero and is in the interior of the set of allowed moments and δJ n l is small we have the moments J m=0 l + δJ n l also correspond to a real density ρ n p . As such there is an infinite number of densities corresponding to each set of conserved moments.
B. Properties of the GGE
We now show that the GGE density matrix corresponding to the moments I 0 i corresponds to the pure state with the same moments that maximizes the entropy given in Eq. (5) . To do so we use the result in [10] that the GGE, based on local conserved quantities, corresponds to a pure state that maximizes the functional Ξ ({ρ
, subject to the constraint of the Thermodynamic Bethe Ansatz. The quantities α i are chosen such that this pure state sat-
i so the maximization happens when this is satisfied. Within this subspace the functional Ξ ({ρ n }) simplifies to Ξ ({ρ n }) = − α i I 0 i + S ({ρ n }). Therefore the GGE corresponds to the pure state that has the prescribed conserved quantities and maximizes the quantity S ({ρ n }) subject to the TBA and the constraint that I i ({ρ p (k)}) = I 0 i . Therefore for fixed conserved quantities the GGE corresponds to a single pure state and only reproduces the long time dynamics of that pure state.
III. XXZ MODEL
We will briefly discuss how to extend our results to the XXZ model. The XXZ hamiltonian is given by:
Here σ x,y,z i is the Pauli matrix at the site i, we will focus on the case where ∆ > 1. This Hamiltonian is integrable and has an infinite number of conserved quantitiesĨ i . The eigenstates may be parametrized by rapidities |{λ} . The rapidities may be arranged into strings where each string is composed of the rapidities given by λ j = λ + iη 2 (n − 2j) with j = 0, 1, 2, ..n and λ ∈ − and ∆ = cosh η. We would like to repeat our proof of the failure of the GGE for eigenstates for the case of the XXZ Hamiltonian. To do so we need to prove two statements akin to what was done in section (II): (1) That for a given set of conserved quantitiesĨ i there is an infinite number of possible quasiparticle densities {ρ n }, (2) The GGE corresponds to a single choice of these densitiesρ n which maximizes the entropy see Eq. (5). To prove (2) we note that according to the result in [10] that the GGE corresponds to a pure state that maximizes the functional
subject to the constraint of the Thermodynamic Bethe Ansatz. Hereε i n is the value of the i'th conserved quantities when acting on a string and S (ρ n ) is completely analogous to Eq. (5). We know that the quantities α i are chosen such that this pure state satisfies
. Therefore the GGE corresponds to the pure state that has the right conserved quantities and maximizes the quantity S ({ρ n }) subject to the TBA. To prove the observation (1) we note that the quantitiesε i n (λ) have convergent power series in sin (2λ) and cos (2λ) [4] and therefore may be expressed as a linear function in the quantities {sin (2nλ)} and {cos (2nλ)}. This means that the quantitiesĨ i (ρ n ) may be related to the Fourier coefficients ofρ n . To reproduce values of the conserved quantities I 0 i we obtain equations similar to Eq. (6) where the quantities J n l are replaced by the Fourier coefficients F n l of the quantitiesρ n . These equations are once again vastly underdetermined with infinitely more variables then constraints. As such, in a completely analogous way as before we obtain that there is infinite number of solutions to these equations and as a result the GGE fails for pure states for the XXZ Hamiltonian.
IV. CONCLUSIONS
We have shown that for integrable models with bound states the GGE based on local conserved quantities does not represent the long time dynamics of many states, in particular most eigenstates. This result is based on two observations we have proven: (1) for any set of conserved quantities I 0 i there are many states |{k} such that I i (|{k} ) = I 0 i , (2) The GGE corresponds to a specific state with fixed I 0 i . We have verified these statements explicitly for the case of the attractive Lieb-Liniger gas and the XXZ magnet though similar verifications may be done for other integrable models with bound states.
The question whether the local charges form a complete set is of great interest. For the repulsive case they appear to be complete, as the GGE with local charges represents the long time limit of the model. However the GGE with local charges fails to do so when the coupling constant changes sign. Would new non-local charges be required for the attractive Lieb-Liniger model? For the XXZ Heisenberg model such charges were recently proposed [11] to treat another aspect of completeness in the context of the Mazur inequality. Whether they also repair the GGE is an open question.
